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Abstract
We construct the U(N) spinning particle theories, which describe particles
moving on Kahler spaces. These particles have the same relation to the N = 2
string as usual spinning particles have to the NSR string. We nd the restrictions
on the target space of the theories coming from supersymmetry and from global
anomalies. Finally, we show that the partition functions of the theories agree
with what is expected from their spectra, unlike that of the N = 2 string in
which there is an anomalous dependence on the proper time.
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1 Introduction
The \spinning particle" [1] describes a free Dirac particle, moving in some D{
dimensional space. Historically, the particle action led to that of the NSR string. Con-
versely, one can obtain the spinning particle by dimensionally reducing the NSR string
[2] or the heterotic string [3] to one dimension. The particle can be generalized to an
N{spinning particle with a gauged O(N) symmetry, which in four dimensions describes
a spin N=2 particle [4, 5]. The string can also be generalized, to the N = 2 [6] and N = 4
[7] strings. However, the dimensional reduction of these extended string theories does not
give the O(N) spinning particles. The (ungauged) O(2) particle can be obtained by the
dimensional reduction of the NSR string, but the N > 2 theories can not be derived from
string theories.
In this paper we shall construct the U(N) spinning particles, which have the same
relation to the N = 2 string as the O(N) particles have to the NSR string. As with
the N = 2 string, these theories are not directly relevant to the real world, since they
always have an even number of time coordinates. Our original motivation for studying
them was that since particle theories are so much simpler than string theories, the U(N)
particles could provide us with an insight into some of the puzzles posed by N = 2 strings.
These include the Lorentz-invariance and supersymmetry of the string [8], and the conict
between loop calculations in the string and in the corresponding eld-theories [9, 10]. (For
a review see [11].)
A separate motivation is that spinning particle theories are one-dimensional super-
gravity theories

, and since most supergravity theories turn out to be useful in one way
or another, they are interesting to consider in their own right. Thus, truncations of the
U(1) and U(2) theories of this paper have already been used to give a particle description
of the open and closed B{twisted topological sigma models, respectively [13].
In this regard, it is useful to recall some results in the classication of supergravity
theories: rst, we should perhaps stress the dierence between supergravity theories in
three to eleven dimensions, and those in one and two dimensions. Supergravity theories
in D > 2 are related by dimensional reduction and truncation. The most beautiful|
although possibly the least useful|ones are the \larger" supergravities (N > 2 in four
dimensions). They are essentially unique, with their scalar elds living in various homo-
geneous spaces [14]. (References on supergravity theories in various dimensions can be

This is not the most general denition of a particle theory. For example, one has the superparticle
[12] which is invariant under target-space instead of world line supersymmetries, as well as hybrid theories
that are combinations of the two. We shall not consider such theories further.
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found in [15].) The smaller theories are more complicated, since matter supermultiplets
can be coupled to them in various ways. Thus N = 1 theories in three dimensions can
be written with the scalar elds describing a sigma model on an arbitrary Riemann space
[16]. The scalars of N = 1 theories in four dimensions describe a Hodge manifold [17],
while N = 2 theories in four dimensions lead to a quaternionic sigma model [17]. The
supergravity theories can exist on any spacetime, as long as it is a spin manifold.
Two-dimensional supergravity theories are not the dimensional reduction of those
in three dimensions. While it is not necessary to do so, their main interpretation is as
string theories, with the scalar elds interpreted as coordinates on a target space which
is spacetime. Thus one might expect the larger (N > 4) supergravity theories to live on
particular spacetimes. Even if these theories exist, they would be rather esoteric, and
they have not been constructed. Classically N = 1, 2 and 4 strings live on Riemann [18],
Kahler [7] and either hyperkahler or quaternionic [7] spaces
y
. (Recall that global N = 1,
2 and 4 sigma models live on Riemann [19], Kahler [20] and hyperkahler [21] spaces,
respectively.) In addition, one also has the various heterotic strings. This certainly is not
a general classication of string theories|for example one can introduce torsions into the
string|but it does give an overview of the basic types of string theories.
The two-dimensional theories can be reduced to one dimension, where they become
particle theories. The reduction of the NSR string can be generalized to give the usual
O(N) spinning particles, which exist on Riemann spaces (sometimes on spin manifolds
only). The U(N) theories to be considered here can be derived from the N = 2 string,
and they can be dened only on Kahler target spaces. One can also compactify the
N = 4 string, which we expect to give USp(N) spinning particles living on hyperkahler
or quaternionic spaces; however we shall not consider these theories further in this work.
The rest of this paper is organized as follows: In section two we give a brief summary
of the known spinning particle actions, in order to compare them to the Kahler spinning
particles. Most of this section is a restatement of results in [5] in our notation. In
section three we construct the U(N) theories. We discuss the restrictions on the target
space of the theories coming from supersymmetry and, after introducing a Chern{Simons
term, from anomalies. We then nd the spectra of the theories, and discuss their space-
time conformal invariance. In section four we calculate the one-loop partition function
of the particle, and see that it gives the result expected from its spectrum, unlike the
corresponding calculation in the string. We end with some conclusions.
y
Of course demanding conformal invariance of the string theory restricts the spaces to be essentially
Ricci at, and phenomenological constraints may lead one to further restrict the theories, for example to
Calabi{Yau spaces.
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2 Summary of the O(N) spinning particle
The simplest particle action is simply that of an (unspinning) scalar particle with



















is a map from the world line of the particle to the target space, and e is an









the usual commutation relations of coordinates and momenta, and the equation of motion





The spinning particle has a one-dimensional supersymmetry, which is made local by































Canonically quantizing (2), one sees that the 
M
's become gamma matrices, so one is
describing a Dirac particle

. The importance of the local supersymmetry of the action is
seen from the fact that the constraint coming from the equation of motion of the gravitino
is the massless Dirac equation.
This construction can be generalized to the N = 2 case [23, 4, 5], where one has
two gravitini  
I
and 2D spinors 
M
I
. This theory has a gauged SO(2) symmetry, and
in four dimensions it describes the eld equations of a Maxwell eld. One can continue





in the N of a local O(N). The lagrangian of the massless \O(N) spinning particle" in a













































where the \dots" denote contractions over O(N) indices. Here D is the covariantized




























At this stage the metricG
MN
appears to be arbitrary, but one can see that for N > 2
supersymmetry forces the theory to be in at space. Using the Noether procedure, one
nds the local supersymmetry transformations:




































Under these, the lagrangian is invariant up to 3{fermi terms (and total derivatives), but





































For the Dirac particle (N = 1) these extra terms vanish due to the symmetries of the
Riemann tensor, so the action is supersymmetric. (In fact, in this case both of the 4-fermi
terms in the lagrangian (3) vanish identically.) Similarly, for N = 2 the 5{fermion terms
vanish using the symmetries of the Riemann tensor and the Bianchi identity [5]. However,
for N > 2 the lagrangian is supersymmetric only for a at target space, with R
MNPQ
= 0,
so the O(N > 2) spinning particle is relatively uninteresting.
Without going into further detail, the O(N) spinning particle has the following prop-
erties:
 Spectrum
The \O(0)" theory describes a scalar moving in any Riemann space. The \O(1)" theory
describes a Dirac spinor. This theory has a global anomaly unless the target space is a
spin manifold [24, 25]. The O(2) theory describes an antisymmetric tensor eld with D=2
indices|a photon if D = 4. The theory has a global anomaly in odd dimensions. The
O(N > 2) theory can be written only in at space. In four dimensions it describes a spin
N=2 particle [4, 5]. In D (even) dimensions, it describes a particle whose representation
is described by the rectangular Young tableaux with D=2 rows and N=2 columns [26, 5],
with half a column representing a spinor index.
 Chern{Simons term
In the case N = 2, the gauge group of the theory is an SO(2) ' U(1). Thus, one can




= TrA to the lagrangian. This is the simplest example of a Chern{
Simons term. Note that this term breaks the O(2) of the theory to an SO(2). With
the addition of the Chern{Simons term with coecient q   D=2, the theory describes
an antisymmetric q{tensor eld in any D{dimensional Riemann space. (D can now be
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arbitrary, but q must be an integer to avoid the global anomaly [5].) Thus the N = 2
theory can describe any antisymmetric tensor particle on any Riemann space.
 Conformal invariance
The massless O(N) theory is invariant under target-space dilations. In fact the theory
is even invariant under conformal transformations of the target-space [26, 5], and all con-
formal representations in all dimensions can be obtained from the O(N) theory [27]. In
the SO(2) theory conformal invariance is spoiled if the Chern{Simons term is added, and
indeed the theory of a general antisymmetric tensor eld in D dimensions is not confor-
mally invariant.
 Supersymmetry algebra
The supersymmetry algebra in the O(N) theory closes into eld-dependent dieomor-
phisms, supersymmetry transformations and gauge transformations. If N > 1, one has
to use the fermion equations of motion, so the algebra closes only on shell.
Finally, note that the gauge eld A
IJ
does not transform under the supersymmetry
transformations in (5). This means that if one's interest is in writing the most general one-
dimensional supergravity theory|rather than a particle theory|one is free to gauge any
subgroup of the O(N) symmetry, from the full O(N) to the trivial identity group. This is
unlike the case of the string or of supergravity in higher dimensions. If one does not gauge
the full group, the theory will not describe a particle in an irreducible representation of
the Lorentz (or conformal) group. For example, if one does not introduce the gauge eld
in the O(2) theory, the theory describes all antisymmetric tensor elds simultaneously.
3 The U(N) spinning particle
3.1 Lagrangian
We have argued that the O(N) particles of the previous section are related to the
NSR string. To carry out the dimensional reduction, one rst xes the Weyl, super-Weyl




= diag (e; 1) and  
1
= 0. Then one gets the (ungauged) O(2) particle,
which can be truncated to the usual spinning particle

. The O(2) particle is not related
to the N = 2 string, as one might have expected from its U(1) gauge symmetry. This
follows simply by counting elds: In the reduction of the N = 2 theory, there are twice
as many spinors as scalars, as in the O(2) particle, but there are 2 complex instead of 2

One might have expected to have obtained the O(2) gauge eld from the e
1
0
component of the zweibein,
but this drops out of the action.
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real gravitini.
Thus reducing the N = 2 string to one dimension leads to a new family of particle





and their complex conjugates X

. In analogy to the
SO(N) particle, we introduce an index i which will transform under a local U(N). Then










can be found by reducing the N = 2 string (in the U(2) case with only a U(1) gauging),











































Here the derivative D is again covariantized with respect to dieomorphisms and with



























and its complex conjugate.
3.2 Supersymmetry
The supersymmetry transformations are given by












































We have chosen to write the transformation of 
i
with its spacetime index lowered, since
the transformation of 

i
involves both  and 

. As in the O(N) case, one nds 5{fermi








































In the U(1) theory the curvature terms vanish both here and in the lagrangian (7), since
in a Kahler space R

is symmetric in each set of indices. In the U(2) theory the
extra terms in (10) vanish because of the symmetries of R

and because of the Bianchi
identity, which in a Kahler space states that R
 ; 
is totally symmetric in the \barred"
indices. Thus the U(1) and U(2) theories can be written in any Kahler space. As in the
O(N) case, the U(N > 2) theories are supersymmetric only in at space, and are again
of limited interest.
Note that since A
i
j
does not transform under supersymmetry transformations, one
can again restrict the gauging of the theory to any subgroup of the U(N) symmetry. For
example, the open and closed B{particles of ref. [13] are given by the U(1) and U(2)
lagrangians of (7), with no gauging whatsoever and with the  
i
's set to zero. (Thus in
these theories only the 
i








, one nds a dieomorphism by   i=e (

  +   

), a supersymmetry trans-
formation with parameter    
i








3.3 Chern{Simons term, the spectrum, and anomalies.













to the lagrangian of the particle, where for now q is an arbitrary parameter. Note that





In canonically quantizing the theory, the X

's and their conjugates P

become posi-







's can be taken to be creation
operators and the 

i
's to be annihilation operators, so the general state with momentum
P

is built from the vacuum state jP

i by applying some number of 
i
's. As usual, the





















where we have used a normal ordering scheme that is symmetric between the 's and
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   jP

i : (13)
This means that the theory is empty unless q is an integer between 0 and d. (Thus the
Chern{Simons term is necessary in an odd number of complex dimensions). The lack of
a spectrum when q is not an integer is an indication of the global anomaly of the theory
in that case [28].
The o-diagonal elements of the constraint (12) impose a symmetry between the i









of SU(d). (This is similar to the case of the O(N) particle, where the state has D=2 rows
and N=2 columns.) In general, the holonomy group of the Kahler space will be a full
U(d). Again using a symmetric normal ordering, and normalizing the U(1) charge of 

i
to be 1, one sees that the particle represented by 	 has charge N (d=2   q). If N d is odd
the particle will have a half-integral U(1) charge, indicating that it is spinor-like. (The
simplest case with N = 1 gives the various pieces of the SO(D) spinors broken into U(d)
representations, as q is varied.) In these cases the theory again has a global anomaly
unless the space supports a spin structure. In a Calabi{Yau space this problem never
arises, since the holonomy group of the spacetime is SU(d).
The equations of motion of the state 	 are given by varying the lagrangian with
respect to the gravitini and the einbein. In order to avoid normal ordering problems we
shall for simplicity restrict ourselves here to the case of at space
y
. The einbein constraint







= 0, while the constraints from the gravitini






























Eqs. (15) are analogous to the equation of motion and Bianchi identity of the photon








= 0. By going
into a light-cone frame, one can see that the eld strength in (14) is reduced on shell to
y
Such problems lead to an unusual choice of creation and annihilation operators in the B{particle [13].
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representation of the massless little group U(d   2). Note that the theory has no propa-
gating particles for q = 0 and q = d.
3.4 Conformal invariance
In addition to the worldline symmetries we have discussed, the U(N) particle is
covariant under holomorphic dieomorphisms. It is therefore invariant under holomorphic
isometries of the spacetime. For example, in at space it is invariant under U(d) \Lorentz"
transformations. The bosonic (N = 0) string is invariant under the more general class





















= 0 ; (17b)
here the \scale-factor"  dened by (17a) vanishes if 

is a Killing vector, in which case
one is back to an isometry transformation of the spacetime. If one attempts to generalize














can not be canceled. This means that (17b) must be replaced by the stronger condition
that 





= 0 : (17c)


















These terms vanish identically when d = 1, but otherwise one must impose the condition
that  be constant. Aside from holomorphic isometries of the spacetime, this leaves
only constant dilations. By going to Riemann-normal coordinates one can see that such











having weights 1, 2, 0, 1 and 0, respectively.
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We thus see that there are only interesting conformal transformations when the space-
time is a Riemann surface (d = 1). (Note, however, that Riemann surfaces can not support
massless propagating particles, since they can not have both space and time coordinates,
so the theory is basically topological in this case.) Then one does have invariance under






































































The transformation of A
i
j
can actually be written as various linear combinations of the
two sets of terms in (18); we have chosen the combination that leaves TrA invariant, so
the Chern{Simons lagrangian (11) does not break the conformal symmetry.
4 The partition function
Thus far, we have found the spectrum of the particle using Hamiltonian quantization.
It would be nice to also be able to calculate amplitudes of the theory. However, since the
particle lagrangian describes a free particle, the only quantity one can calculate without
introducing interactions is the one-loop partition function. This is nevertheless interesting,
since the analogous partition function of the N = 2 string disagrees with the result
expected from its spectrum. Recall that the partition function of a particle with mass m


























where T is the Schwinger proper-time parameter. The N = 2 string describes only
massless degrees of freedom in a at 2{complex dimensional space (d = 2, D = 4).













which is compatible with that of the particle only ifD = 2! There is a similar disagreement
between the one-loop three-point function in the string [10] and that of the \Plebanski"
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eld theory [30] which should be the eective eld theory describing the string. One of
the explanations advocated to solve this problem [30] is that the complex nature of the
Kahler target space of the N = 2 string means that one should use a complex Schwinger
parameter. The problem could also come from the U(1) gauge eld in the theory, or have
an intrinsically stringy nature. Since the U(N) particle is intimately related to the N = 2
string, and shares many of its features, calculating its partition function can distinguish
between the various possibilities.
We shall start with the U(1) theory in at space with complex dimension d, on a
worldline which is a circle with proper length T . We need to evaluate the path integral
over the lagrangian (7) with the Chern{Simons term (11). The new feature of the U(N)
string is that the gauge eld A can not be completely gauged away, since it can have a
nontrivial Wilson line around the circle. The allowed gauge choice is A = =T , with 
ranging from 0 to 2. This means that the spinors 

and the gravitino  pick up a
phase of , when going around the circle. Most of the path integral is standard: As usual



























Similarly, the integral over the 
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where the index on the \det" is to remind us of the shifted boundary conditions of
the fermions. For a generic A, the gravitino can be completely gauged away using the
supersymmetry transformation, with the resulting Jacobian reducing the exponent in (23)
to d  2.
The interesting question, of course, is what comes from the integral over A, modulo






T ; the integration
over constant gauge transformations gives a factor of 2
p





= T . All together, this means that the A integration simply gives






. Since the gauge-eld integration
contributes no factors of T , there will be no anomalous powers of T in the particle.


































massless particles in a d{complex dimensional space. This is exactly the
number of degrees of freedom that one expects from the Hamiltonian calculation: the eld
strength of the particle is described by an antisymmetric tensor with q indices (14); the
equations of motion (15) reduce this to a light-cone connection with q   1 indices (16).
To check whether or not subtleties occur when the gauge group is nonabelian, we
shall also carry out the calculation of the partition function in the U(2) theory. (The
combinatorics of the U(N) case will be left to our more intrepid readers.) The integrals
over e and X are the same as before. In this case A
i
j
can be gauge xed to A = diag (; ),
where both  and  go from 0 to 2. The fermionic integrations are the same as in the
U(1) result (23), duplicated over  and . Similarly, the integrations over the diagonal
zero modes of A give projection operators for both  and . The only new features are
that there is a factor of 1=2, since a 90

rotation in the y{z plane interchanges  and , and


































(d  1)! (d   2)!
(d  q)! (d  q   1)! q! (q   1)!
:
(25)
This is the dimension of the U(d  2) representation of the particle in (16), for N = 2, so
the path integral calculation of the partition function is again in perfect agreement with
the result expected from the canonical quantization of the particle. There is no sign of
the anomalies of the N = 2 string.
5 Conclusions
We have constructed the U(N) spinning particles|one dimensional supergravity the-
ories with N complex local supersymmetries on the world line and a local U(N) invariance.
These theories describe massless particles moving in a Kahler spacetime with complex di-
mension d. The U(1) and U(2) theories can be dened on any Kahler space; consistency
with supersymmetry forces the U(N > 2) theories to be in at space. The theories have
a spacetime conformal invariance only if the target space is a Riemann surface (d = 1).
The spectrum of the theories depends on the coecient of the Chern{Simons term
(d=2 q) TrA, which can be added to the lagrangian for any N . To avoid global anomalies
q must be an integer, and the manifold must support a spin structure if N d is odd. The
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constraint coming from the gauge eld implies that the \Lorentz group" U(d) represen-
tation of the eld strength of the particle is given by a rectangular Young tableaux with
q rows and N columns. The equations of motion (15) then show that the particle is in
the representation of the little group U(d   2) with q   1 rows and N columns.
The U(N) particle can be regarded as a toy model for the N = 2 string, to which
it is intimately related. (The U(1) and U(2) theories can be obtained by dimensionally
reducing the N = 2 string, and then gauging the global symmetry of the theory.) One
result that has implications for the string is that the partition function of the particle,
calculated by performing the path integral on the circle with a at target space, is in
perfect agreement with what one would expect from the spectrum of the particle. This is
in contradistinction to the string, in which modular invariance forces the string partition
function to have a peculiar dependence on the proper time  . The fact that this does not
occur in the particle rules out several of the explanations proposed for this phenomenon.
Other unsettled issues in the N = 2 string are whether or not it is the same as the
N = 4 string, and whether or not it has spacetime supersymmetry and a full SO(D)
Lorentz invariance [8]. It is less clear here what implications can be drawn from the
particle. One would not expect to be able to see spacetime supersymmetry in any (non
super) particle. The general U(N) particle dened on some Kahler space certainly does
not have an SO(D) Lorentz invariance. Indeed, the spectrum will not even fall into
representations of SO(D). It is also not equivalent to a USp(N=2) particle. However,
these properties may still hold in the special case of the N = 2 string, for which spacetime
must be hyperkahler in four real dimensions.
Some issues which we have not explored, but which should not pose any great dif-
culty, are how to add masses to the U(N) theories, and how to construct the USp(N)
theories, which are related to the N = 4 strings. Masses have been included in the orig-
inal spinning particle [1], and in the O(N) particle [4], although only in at space. One
should be able to include them in the U(N) strings in the same way. Alternatively, one
can introduce the masses by dimensionally reducing the N = 2 string using the Scherk{
Schwarz mechanism [31]. Also, following the line of this paper, it should not be hard to
nd the proposed USp(N) particles, for example by dimensionally reducing the N = 4
string [7]. As with that string, these theories should be denable only on hyperkahler or
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